COTENSOR COALGEBRAS IN MONOIDAL CATEGORIES 



A. ARDIZZONI, C. MENINI AND D. §TEFAN 

Abstract. We introduce the concept of cotensor coalgebra for a given bicomodule over a coal- 
gebra in an abelian monoidal category. Under some further conditions we show that such a 
cotensor coalgebra exists and satisfies a meaningful universal property. We prove that this coal- 
gebra is formally smooth whenever the comodule is relative injective and the coalgebra itself is 
formally smooth. 



Introduction 

Let C be a coalgebra over a field k and let M be a C-bicomodule. The cotensor coalgebra 
Tq{M) was introduced by Nichols in jNij as a main tool to construct some new Hopf algebras 
that he called "bialgebras of type one". These bialgebras can be reconstructed, via a bosonization 
procedure, from the so called Nichols algebras, which are essentially the 7?-coinvariant elements of 
the bialgebras of type one, in the case when C — H \s Si Hopf algebra and M is a Hopf bimodule. 
Nichols algebras, also named quantum symmetric algebras in \Ro\ . have been deeply investigated 
and appear as a main step in the classification of finite dimensional Hopf algebras problem (see, e.g., 
|AG| and jASj V In fact, in the case that C = H \s a. Hopf algebra and M is a Hopf i7-bimodule, the 
cotensor coalgebra Tq{M) is a bialgebra that is called "quantum shuffle Hopf algebra" by Rosso 
in |Ro| where some fundamental properties of this bialgebra and of its coinvariant Hopf algebra 
are investigated. The coalgebra of paths of a quiver Q is an instance of a cotensor coalgebra. 
Namely let Qq be the set of vertices and let Qi be the set of arrows of Q. Then M = KQi is 
a C-bicomodule where C = KQq is equipped with its natural coalgebra structure. The cotensor 
coalgebra T^{M) is the path coalgebra of the quiver Q. In |CR| . Cibils and Rosso provide the 
classification of path coalgebras which admit a graded Hopf algebra structure, allowing the quiver 
to be infinite. On the other hand, in |JLMS| . hereditary coalgebras with coseparable coradical 
are characterized by means of a suitable cotensor coalgebra. Moreover it is proved that if C is 
a formally smooth coalgebra (see Definition I4.12() and M is X- injective fsec 14.211 then Tq{M) is 
formally smooth. 

In this paper we introduce the notion of cotensor coalgebra in an abelian monoidal category. 
We would like to outline that this fact is not immediate. In fact the notion of coradical plays 
a fundamental role in the usual definition for coalgebras over a field (see |Ni| ) while we have 
no coradical substitution here. Also, having developed in jAMSj the notion of formally smooth 
coalgebras for abelian monoidal categories, we wanted to obtain the second quoted result of !,TL MS| 
in this more general setting, namely we prove Theorem 14. Ill In a forthcoming paper we will deal 
with the other quoted result, establishing a suitable criterion. 

The paper is organized as follows. 

In Section 1 we give the definition of abelian monoidal category (see Definition ll.4|l and prove some 
preliminary results on direct limits of direct systems in monoidal categories. 

Section 2 is devoted to the construction of the cotensor coalgebra. Its coalgebra structure is 
obtained (see Theorem I2.9|l as a direct limit of a direct system of certain coalgebras defined by 
means of Hochschild 2-cocycles. In Theorem 12 . 1 51 we we show that such a cotensor coalgebra exists 
and satisfies a meaningful universal property. 
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Section 3 deals with some technical results that we will use in Section 4 where we treat formal 
smoothness of the cotensor coalgebra (see Theorem 14.15(1 . 

Finally, in Section 5, we relate our results with the classical one of vector spaces and prove a 
criterion f Theorem 15. 7|l which establishes a strong universal property of the cotensor coalgebra for 
the main abelian monoidal categories related to a Hopf algebra. 

Notation. In a category M the set of morphisms from X io Y will be denoted by M{X,Y). 
If X is an object in M then the functor A4(X, — ) from M. to Sets associates to any morphism 
u:U ^ in the hmction that will be denoted by M.{X,u). 

1. Direct Limits in Monoidal Categories 

1.1. A monoidal category means a category M that is endowed with a functor ® : M. y~ Ai ^ M., 
an object 1 & M. and functorial isomorphisms: ax,Y,z ■ {X®Y)^Z X®{Y®Z), Ix ■ 1® A X 
and rx : X —>■ X. The functorial morphism a is called the associativity constraint and satisfies 
the Pentagon Axiom, that is the following diagram 

([/ «) ® (WC® A) 



{{U (E) V) (E) W) X 



U ® {V ®(W ® X) 




{U (E){V (E)W)) 



A 



0'U,V(g)W,X 




U(E){{VE)W)iEX) 



is commutative, for every U, V, W, X in A4. The morphisms I and r are called the unit constraints 
and they are assumed to satisfy the Triangle Axiom, i.e. the following diagram 




4t\ /s\ 

V(g>W 

is commutative. The object 1 is called the unit of A^.For details on monoidal categories we refer 
to |Kal Chapter XI] and |Maj| . A monoidal category is called strict if the associativity constraint 
and unit constraints are the corresponding identity morphisms. 



1.2. As it is noticed in |Maj[ p. 420], the Pentagon Axiom solves the consistency problem that 
appears because there are two ways to go from {{U (EV) (E) W) (E) X to U {V E) {W (g) X)). The 
coherence theorem, due to S. Mac Lane, solves the similar problem for the tensor product of an 
arbitrary number of objects in A4. Accordingly with this theorem, we can always omit all brackets 
and simply write XiE) - ■ - E) A„ for any object obtained from Xi, . . . , A„ by using (g) and brackets. 
Also as a consequence of the coherence theorem, the morphisms a, I, r take care of themselves, 
so they can be omitted in any computation involving morphisms in A4. The notions of algebra, 

module over an algebra, coalgebra and comodule over a coalgebra can be introduced in the general 
setting of monoidal categories. For more details, see |AMSj . 

Proposition 1.3. Let M be a monoidal category. Assume that A4 is also an abelian category. 
Let C an D be coalgebras in A4. Let X,Y E '-^ M.^ and let f : X ^ Y be a morphism of {C,D)- 
bicomodules. Let M. : '-^ Ai^ —>■ Ai be the forgetful functor. Then 

1) Coker(EI(/)) carries a natural [C , D)-bicomodule structure (such that the definition map is a 
morphism of bicomodules) that makes it the cokernel of f in Ai^ . 
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2) if the functor C ® (— ) ® D : M ^ M. is left exact (e.g. the tensor functors are left exact), 
then Ker(IHI(/)) carries a natural {C , D) -bicomodule structure (such that the definition map is a 
morphism of bicomodules) that makes it the kernel of f in ^ Ai^ . 

Proof. Since the dual category of an abelian category is an abclian category, the conclusion follows 
by applying jAr2[ Proposition 3.3]. □ 

The previous proposition justifies the following definition. 

Definition f.4. A monoidal category (A^,®,1) will be called an abelian monoidal category 
if: 

(1) is an abehan category 

(2) both the functors X ® (-) : M ^ M and (-) ® X : M ^ M are additive and left exact, 
for every object X & Ai. 

Remark 1.5. The above definition of abelian monoidal category is dual to |AMS[ Definition 1.8], 
where algebras were investigated. Therefore, we should have used the terminology "dual abelian 
monoidal category" , which we had not for matter of style. 



1.6. Let be a coalgebra in an abelian monoidal category M.. Let us recall, (see jMol page 60]), 
the definition of wedge product of two subobjects X,Y oi E in : 

X ^EY -.^ Ker[{px ^pv) ° A^], 

where px : E ^ E/X and py : E E/Y are the canonical quotient maps. 

Proposition 1.7. Let (A^,®,1) be an abelian monoidal category. Let (C, A, e) be a coalgebra in 
A4 and let L be a C -bicomodule. Let f : C ^ L be a morphism in '-' J\A'^ , where C is regarded as 
a bicomodule via A. Then {D,S) :— Ker(/) carries a natural coalgebra structure such that S is a 
morphism of coalgebras. 

Proof. By Proposition ^3] Z? is a C-bicomodule and (5 is a morphism of bicomodules. Denote by 

and the left and the right C-comodule structure of D respectively. 
By left exactness of the tensor functors, we have that {D ® D,D ®5) = Ker(_D ® /). Consider the 
following diagram: 

D®D D®C ^ D®L 



P'd 



D 

We have: 

{5 L){D ® = {C® f){5 ® C)pL ={C ® /)A5 = p'j5 = 0. 
By left exactness of the tensor functors, i5(g)L is a monomorphism, so that we get = and 

hence, by the universal property of the kernel, there exists a unique morphism Ajj : D ^ D ® D 
in M such that {D ® 5) Ad = p^- 
Let us prove that A^i is coassociative. Since 

(1) {6 S)Ad = (<5 ® C){D ® S)Ad = ((S ® C)p^ = AS, 

we get: 

{S 6 6){Ad (E) D)Ad = (A® C)((5«)(5)Ad 

= (A®C)A5 
= {C(E)A)Ad 

= {C ®A){S<SiS)Ad ^ {S<S)S<SlS){D'»AD)AD■ 
By left exactness of the tensor functors, S (S> S (E) S = {C (E) C (E) 5){S (S) C (S> D){D (g) S D) is a 
monomorphism so that we obtain (A^j (g) D)A]j — {D ® A£))A]j. 
Set Ed ■= £c^ . D ^ 1. Then we have: 

{6 (g) 1){D ® sd)Ad = (C «) ec){S <S> S)Ad = (C (g ec)AS = r^^S ^ {S <g) l)r^^ 
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Since ((5(8)1) is a monomorphism, we have {D®eD)^D = . Analogously one gets (£u®^)^d = 
■ Thus (-D, A^), ££)) is a coalgebra and by relation and definition of (5 is a homomorphism 
of coalgebras. □ 

Proposition 1.8. Let A4 be a monoidal category with direct limits. Let ((Xi)igN, be a 

direct system in Ai, where, for i < j, S^j : Xi Xj. Assume that Xi is a coalgebra and that is 
a homomorphism of coalgebras for any i,j € N. Then lunXi carries a natural coalgebra structure 

that makes it the direct limit of ((Xi)igN, iS,i)i,j<EN) o,s a direct system of coalgebras. 

Proof. Let {Xi, Axi, £Xi) be a coalgebra in {A4,(E),1) for any i G N. Set X := limXj . Let (^,; : 
Xi X)i^-fi be the structural morphism of the direct limit, so that ^jS^f = for any i < j. We 
put 

Ai = {£_i ® £.i)Ax, : Xi ^ X ® X, for any i e N. 
Since is a homomorphism of coalgebras, we have that: 

so that there exists a unique morphism A : X ^ X ® X such that 

(2) A^, = A, ® 6)Ax, for any i e N. 

Let us prove that A is coassociative: 

{X®A)Ai, = {X®A){ii®ii)Ax^ 

= {i^®i^®ii)(Xi® Ax,)Ax, 

= (6 ®£.^® 6)(Ax, ® X,)Ax, 

= {A®X){^,®^i)Ax, = {A®X)A£,,. 

Since the relation above holds true for any i e N, by the universal property of the direct limit we 
deduce that {X ® A) A = {A® X)A. Now, as is a homomorphism of coalgebras, SXj£,j = £Xi- 
Hence, there exists a unique morphism e : X ^ 1 such that 

(3) = exi for any i e N. 
Then we have: 

(X ® e)ACr ^{X® e)(^, ® ^,)Ax, = ® ® exJAx, = (C» ® = 

Since the relation above holds true for any i e N, by the universal property of direct limits we 
deduce that {X ® e)A — r^ . Analogously one gets (e ® X)A — l'^ . Thus (X, A, e) is a coalgebra 
in M.. Note that relations Q and Q mean that : ^ X is a homomorphism of coalgebras. 
Let now (C, Ac,ec) be a coalgebra in M. and let {fi : Xi C)igN be a compatible family of 
morphisms of coalgebras in M.. Since (/i : Xi C)igN is a compatible family of morphisms in 
M., there exists a unique morphism f : X ^ C such that /^,; = /,; for any i E N. We prove that / 
is a homomorphism of coalgebras. We have: 

(/ ® f)A^, ^{f® ® ^^)Ax, = {f^ ® fi)Ax, = Acf^ = Ac/e,; ecfU = £cf^ = £x, = e^. 

Since the relations above hold true for any i G N, by the universal property of the direct limit we 
deduce that 

(/®/)A = Ac/; £cf = £- 

□ 

1.9. Let X be an object in an abelian monoidal category {Ai, ®, 1). Set 

X'^o ^ ^ ^ X and X®" = ® X, for every n > 1 

and for every morphism / : A" ^ y in A^, set 

/«^"=:Idi, /®^ = / and /®" = /, for every n > 1. 
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Let (C, Ac, ec) be a coalgebra in A4 and for every rt G N, define the n^^ iterated comuhiphcation 
of C, AJ^:C^C®"+i,by 

A^ = Idc, A^ = Ac and = (Ag""^ ® C) Ac, for every n>l. 

Let (5 C be a monomorphism which is a homomorphism of coalgebras in Ai. Denote by 

{L,p) the cokernel of (5 in A^. Regard 13 as a C-biconiodulc via S and observe that, by Proposition 
11.81 L is a C-bicomodule and p is a morphism of bicomodules. Let 

(D^o^Sn) := Ker(p®"A^-i) 

for any neN\ {0}. Note that (D'^c^Si) = (£>, S) and iD''i,62) ^ D Ac D. 
In order to simpUfy the notations we set [D^c ^ Sq) = (0, 0). 

Now, if we assume that has left exact tensor functors, by Proposition II. 71 since p®"A^^^ is a 
morphism of C-bicomodules (as a composition of morphisms of C-bicomodules) , we get that D'^c 
is a coalgebra and (5„ : D'^c C is a, coalgebra homomorphism for any n > and hence for any 
n e N. 

Proposition 1.10. Let 6 : D ^ C be a monomorphism which is a homomorphism of coalgebras 
in an abelian monoidal category A4. Then for any i < j in N there is a (unique) morphism 

. £,A'c _^ ^Aj, gyg^j ^f^^^ 

(4) S,^i = S.. 

Moreover is a coalgebra homomorphism and ((I3^c;)jgp^^ o, direct system in M whose 

direct limit, if it exists, carries a natural coalgebra structure that makes it the direct limit of 
{{D^c)ifzfs, {^j)ijeN) as a direct system of coalgebras. 

Proof. Set _D* :— D^c for any i £N. Consider the following diagram: 



s, 



Let i > 0. Since 5i ~ Ker(p'^*A^^) is a coalgebra homomorphism, we have: 

p®*+iA*c<5, = A'p-i)Ac<5^ 

= p®'+\C ® A^-i)(<5, ® 5i)AD. = {p5, ® p®^A'^-1(5,)Ad. = 0. 

Then, for any ? > 1, by the universal property of the kernel, there exists a unique morphism 
^i+i . £)i ^ such that 5^+iC+^ = 5i. Set S,l=Q and for any j > i, define: 

In such a way we obviously obtain a direct system in M . Let us prove that is a homomorphism 
of coalgebras for any j > z . It is clearly sufficient to verify this for j = i + 1. 
As (Si+i and Si are coalgebra homomorphisms, we have 

(<5,+i (»<5,+i)Ac.+iC'+^ = AdS,+iQ+^ = AdS, = {S,<E>5,)Ad. = {S,+i <^ S,+i)(Q+^ <E> Q+^)Ad.. 

Since the tensor functors are left exact, Si+i (Ex^j+i is a monomorphism so that we get Aj^i+iQ'^^ — 
(4*"^^ ® ^l'^^)Au^. Moreover we have 

The last assertion follows by Proposition ll.81 □ 
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Notation 1.11. Let S : D C be a homomorphism of coalgebras in a cocomplete abelian monoidal 
category M. By Provosition \l.l(]l ffD^c'l.tzRj. *s cl direct system in A4 whose direct limit 

carries a natural coalgebra structure that makes it the direct limit of {{D^^'^^^j^^ (^^j^-j^-j^'^ as a 
direct system of coalgebras. 

From now on we set: {Dc, i^i)ieN) = lini(D^c')jgf^^ where S^i : D^c — > Dc denotes the structural 

morphism of the direct limit. We simply write D if there is no danger of confusion. We note 
that, since D is a direct limit of coalgebras, the canonical (coalgebra) homomorphisms {6i : — > 
C)igN7 which are compatible by factorize to a unique coalgebra homomorphism 5 : D C such 
that S^i = Si for any i G N. 

2. COTENSOR COALGEBRA 

2.1. Let (C, A, e) be an coalgebra in {Ai, ®, 1) and let (i, p'^, p^) be a C-bicomodule. Recall that 
a morphism : L C (E) C is called a Hochschild 2-cocyle whenever 

5^(0 = (C C^) ° - (C ® A) o C + (A C) o C - (C ® C) ° PL 

is zero. See 14.11 

Definition 2.2. Let {C, Ac,sc) be a coalgebra in (£,(3,1) and let {L,pi,pr) be a bicomodule 
over C. A Hochschild extension of C with cokernel L, is an exact sequence in A4: 

(E) C E L 

that satisfy the following conditions: 

a) {E,Ae,£e) is a coalgebra in M ; 

b) (T is a homomorphism of coalgebras that has a retraction vr in ; 

c) C ^EC ^ E, that is {p®p)A = 0; 

d) the morphisms pi and pr fulfill the following relations 

pip = (tt p) Ab prp = (p ® tt) A^. 

The following result will lead to the definition of a coalgebra structure for the cotensor coalgebra. 

Lemma 2.3. Let (C, A,e) be a coalgebra in an abelian monoidal category M. and let {L, p^j^, p^j^) a 
C-bicomodule. Suppose that : L —> C (E) C is a morphism in M.. 
Define A^ : C © L ^ (C © L) ® (C ® i) and ec_ : C ® L 1 by: 

(5) A^ := {ic®ic)^Pc+[{iL®ic)p'L + iT'C®iL)p^L-i.'t'C®ic)(\pL, 

(6) £q:= epc + li{e®e)CpL, 

where ic, iL o,fe the canonical injections in C (B L andpc, PL o,re the canonical projections. Then 
A|j is a coassociative comultiplication if and only if is a Hochschild 2-cocycle. Moreover, in this 
case, (C ©L, A|j,£|j) is a coalgebra and ic ■ C ^ {C ©i, A^,e^) is a Hochschild extension of C 
with cokernel {L,pi,). This extension will be denoted by E^. 

Proof. The dual of an abelian monoidal category is an abelian monoidal category in the sense of 
[AMSL Definition 1.8]. The conclusion follows by applying |AMSI Lemma 2.5]. □ 

Let A4 be an abelian monoidal category and let C be a coalgebra in {Ai, ©, 1). Given a right 
C-bicomodule {V, py) and a left C-comodule {W,p\y), their cotensor product over C in is 
defined to be the equahzer (T^DcVF, x) of the couple of morphism {py ®W,V ^ Pw)- 

y plr^W 
VUcW — ^ V®W \ V®C(S>W. 

V ®p\y 

Since the tensor functors are left exact, in view of Proposition 11.31 then FDcVT is also a C- 
bicomodule, namely it is C-sub-bicomodule of F © W , whenever V and W are C-bicomodules. 
Furthermore, in this case, the category ('^Al'^, Dc, C) is still an abelian monoidal category; the 
associative and unit constraints are induced by the ones in M. (the proof is dual to jAMSL Theorem 
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1.11]). Therefore, also using Dc, one can forget about brackets. Moreover the functors MOc{—) ■ 
M and {-)DcM : M are left exact for any M € M. 

We will write □ instead of Dc, whenever there is no danger of misunderstanding. 

2.4. Let (C, A, e) be a coalgebra in a cocomplete abelian monoidal category M. and let (M, Pm^Pm) 
be a C-bicomodule. Set 

M°° = C, = M and M°" = M^'^'^DM for any n > 1 

and define (C"(M))„eN by 

C"(M) = 0, Ci(Af) = C and C"(M) = C"-i(M) © Af°"-i for any n > 1. 

Let crj^^ : C*(M) C*"'"^(Af) be the canonical inclusion and for any j > i, define: 

j j i-l i+2 i+1 



Then ((C*(M))jgN, (cr^)ijGN) is a direct system in M.. We set 

r^(M) = ^^M°" = C©M©M°2 0M™©... 

and we denote by : C^M) — > T^(M) the canonical inclusion. 
Throughout let 

TT™ : C"(M) C"(M) (to < n), 7r„ : r^(M) ^ C"(M), 
p;;:* : C"(M) M^™ (to < n), : T^(M) ^ M°", 

be the canonical projections and let 

< : C"(M) ^ C"(M) (to < n), a„ : C"(M) ^ T^(M), 
C : M^™ ^ C"(M) (m < n), i„ : M°™ ^ T§(M), 

be the canonical injection for any m, n e N. 

For technical reasons we set tt™ = 0, cr^ = for any n < m and = 0, ij^ = for any n < m. 
Then, we have the following relations: 

PnO'k=Pk, Pnh = Sn,k^dj^^Dk, TTnik ^ ik- 

Moreover, we have: 

<^k = a^, if < TO < n, 

Pn^k = Pk-> m < n < k, 
Pn'^k = pT' m < k < n, 

Pn'^n = Pm, if m < H, 
TTnCTk = O-^, if fc < n, 

PnC = MmD"! if m < n. 
In the other cases, these compositions are zero. 

Proposition 2.5. Let Ai be a cocomplete abelian category. Let (Vi)igN be a family of objects in 
M. and let (V, Vi) = ®ieNVi be the direct sum of the family (Vi)i£N. Then 

(F,vr=oK)) = iim(®r=o^i), 

where V-LQ(wi) : ©JLgVi V denotes the codiagonal morphism associated to the family (t^i)"^Q • 

Proof. Set F" := (B^^^Vi, for any n e N, and let : V"^ V" be the canonical inclusion for 
m < n. Let (/„ : V" — *■ X)„ be a compatible family of morphisms in Ai, i.e. = fm for any 

m < n. Let v"^ : Vm ^ be the canonical inclusion for every m < n and let v!^ — otherwise. 
Note that the morphism V^o(^») • V is uniquely defined by the following relation: 

[V"=o(^0] f^m = '"m, for every m < n. 
Observe that, for every m < n < t, we have 

ftvl = ftwiv^ = fnV^ 



and 


■ CTfc - 


- ^k 


, if TO < < n. 


and 


fjrn-n _ 
"n 'fc — 


■m 

'fc ' 


if fc < n < TO, 


and 


_-m„-n _ 


■m 

' 


ii k < m < n, 


and 


a — 




if TO < n, 


and 


TTn^fe = 




if n < fc, 
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SO that, by the universal property of the direct sum, there exists a unique morphism f : V ^ X 
such that 

(7) fVm = /«C 

for any m G N, where n G N and m < n. Thus 

fnV^ = fvm = / [V"^o(«»)] for every m < n. 
By the universal property of V"" :— (Bf^QVi, fn is the unique morphism that composed with v^^ 
gives fnVm fo'^ fn < n. We get that 

fn ^ f [K=o{v^)] , for every n S N. 
In order to conclude that V = limV^*, it remains to prove that f : V X is the unique morphism 
with this property. Let g : V X he a morphism such that /„ ~ g [Vf^o(^i)] for every n G N. 
Then 

fvm = fnvZ, = 9 [V"^o(wi)] = gVni for evcry m, n 6 N, m < n. 
By uniqueness of / with respect to Q, we get g — f- □ 

Corollary 2.6. Let (C, A,e) be a coalgebra in a cocomplete ahelian monoidal category M. and 
let (M, p^j,p5v/) o C-hicomodule. Then 

(TSiM), K)„eN) = limC"(M). 
Proof. Just observe that C"(Af) = ©JJ^^L^jAf^™ and cr„ = ^'f.^^Iaiim)- □ 

2.7. Note that M°" is a C-bicomodule via pi := p^i.^DA-f and p^; := A/°"-inp^. 
Our next aim is to define, for any n G N \ {0}, a Hochschild 2-cocycle 

C" : ^ C"(A/) ® C"(M). 

Then we will apply Lemma lO to obtain that, for any n > 0, C"+i(M) = C"(M) © M°" can be 
endowed with a coalgebra structure (C""'"^(Af), A^™, e^n) in A4 such that the canonical inclusion 
<+i : C"(Af) ^ C"+HAf) is a Hochschild extension of C"(Af) with cokernel A//°". Then, by 
Proposition II. 81 T^{M) will carry a natural coalgebra structure that makes it the direct limit of 
((C*(Af))igN7 (o'i )i,jGN) as a direct system of coalgebras. 
Let xm '■ MOM ^ M ^ M he the canonical inclusion and define 

(8) C'=0 and C" = -^"rj^'(«r®«"-t)(^^°*"'nXA/nAf°""'"*),Vn>l. 
where we identify COX and XDC with X, for any C-bicomodule X. 

Proposition 2.8. Let (C, A,e) be a coalgebra in a cocomplete abelian monoidal category Ai and 
let {M^p^f^p^j^) be a C-bicomodule. Let 

A(l) = A, and = e, 

A=p\i, and pI^pIj, 

and for every n > 2 set 

A(n) = A|jn-i_ and £(n) — e^^-i, 
as defined in (0), and let 

p^ = K®Af°")(pi,nAf°"-i), and ^ = ® 0(Af°"-inp;,). 

Then, for any n > 1, we have 

a) (C"(Af ), A(n), e(n)) is a coalgebra. 

b) is a C'iMj-bicomodule such that the morphism C" : Af°" ^ C"(A//) (g) 
C^^M), given by defines a Hochschild 2-cocycle. 

c) £(n) = £c7i-,V 

d) For every I < t < n ~ I we have 

(9) A(n)zr = (zr ® <yi')rt + (cT? ® *r) pi - k ® c*- 
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e) A{n) fulfils the following relations: 

A(nK = W®^o)A 
A(n)i5' 
and for 2 



< i < n - 1 

A ^T—\ 

Proof Set C" = C"(M) for any n > 1. Recall that A/°" is a C-bicomodule via 



□pM) + W®*r)(PMnM°*"') + 

rnt-l-r\ 



p'mUNP--\ and pj; M°--^Up\, 



Pn ■— '-'/^M- 

Let us prove all the statements of the theorem by induction on n>l. 

If n = 1, then = C is a coalgebra and A/^^ = A/ is a C^-bicomodule by hypothesis. 
Obviously = fulfills (|12|l . We have £(1) = e = ecT^l and, since = Idc and il — 0, we get 

A{l)il - A - (zj ® il) A, A(l)i} - = (i} ® zj) + {il ® i}) p'm- 
Let n > 2. Assume all the assertions hold true for any 1 < t < n. 
Thus (C"-\ A(n - l),e(n - 1)) is a coalgebra in M, (Af°"~\ p^i, Pn-i) is a C"~i-bicomodule 
and C""^ is a 2-cocycle. By Lemma Ol applied to "C" = C"-i and "AT" = Af°"-i, then 
(C", A(n), e(?T.)) is a coalgebra. Moreover crj_2 • C**^^ — + C* is a Hochschild extension of C*^^ with 
cokernel Ai^'-'*"'^ for any 1 <t < n. 

Since (Af pj^, pj^) is a C-bicomodulc and cr" : C C" is a coalgebra homomorphism (as a 
composition of coalgebra homomorphism), then (Af'-^", pJi,p5i) is a C"-bicomodule, where 

pI = ® Af°")(p5,,nAf°"-i), and ^ - ® 0(M°«-inp;,). 

Recall that, by definition, we have: 

A(n) = A(;„-i 



= «-i®<-i)A(n-l)<-i + 
For any < t < n — 1, we have that 

so that we obtain 
(10) 

A{nK = ® CT^O A(n - + 



Pi 



n-l 



-l) Pn-1 

-i) pLi 



n-ll „n-l,-n 
Pn *t 



'<^n-l) Pn-1 



(^t.n- 



For t = < n — I, we have: 

A(n)*J? = (a^i®a^i)A(n-l)^o"\ 

so that, inductively we get: 

A{n)t- = ® <_i) ® ^^l) Ac = z^) A^. 

Let us prove that for every t G N, such that 0<t<n— Iwe have ©• 
Now, we apply H1U|I . If t = n — 1, we get 

If < < < n - 1, we get 



A(n)zr = «_i®a^i)A(n-l)z 



n-l 
t 



'^r')pr 



n-l 



*r')p[-(4 



n-l 



^n-1 
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Thus we have obtained ©• Note that, for i = 1, by definition of p{,'p[ and since = 0, one gets 
A(n)*- = {^-, ® O pl + (ar ® z?) p[ = ® «^') P^/ + ® pW- 

For 2<t<n— 1, by definition of pjj, and of C*, from we get: 

+ E*~! ® ® *^_,)(Af°^-inxMnM°*-i-'-), 

— ^r— 1 

SO that we obtain: 

^ — ^r— 1 

Moreover, by definition, we have: 

(11) e{n) = e^,.-i = e{n - IX^^ + h\e{n -\)® e{n - 1)]C"" V^^- 
Since n > 2 and e{n — 1) = eci^n-i, by Hll|l . we have 

e{n) = £c7r,\_i<-V?i(£c7r,\_i«)£c7ri_i)C""Vr' = ecT^l + h{ec ®ec){^l^i®T^l^i)C'^pl~\ 
By definition of C" if n = 2 we have = so that (tt^^i 7r^_i)C"^^ = 0. If n > 3, we have 

n — 2 

We conclude that (tt^ ® 7r,\)C"^^ = for any n > 2 and hence £{n) = ecT^n- 
Recall that is a 2-cocycle means that it verifies the following relation: 

(12) = b\C) = iC ® C")p:, - [C" ® A{n)]C + [A{n) ® C"]C" - (C" ® C")pL- 
Now, since cr" = Iq and n > 2, we have 

n — 1 

-(C" ® C")75; = ^^^^ [{I'l ® i'^_t)iM°*-^DxMDM°"-^-*) ® C"](M°" ® 0(M°"-inp;,) 



■'1=1 

,n-l 



}(A/°*"'nxMnA/°""'"*) 



= J2t-i ® Af°"-i-*np^^)(A//°*-inxAfnA'/°"-i-*) 

and 

- [C" ® A(n)]C" 

= [C" ® A(n)] Elri'(^" ® C-t)(Af°'-^nxMDA/°"~^-*) 

= EL~i'(*" ® A(n)i^,)(Af°'-'nxMnM°"-i-*) 

= V""'/,- « [ ® ) (Af°"-'-^npS,,) + (ij ® (pl,nM°"-*-i) 
^'=1^* [ +E"rr'(*"®C-t-.)(Af°'-inxMnM°"-'-i-'-) 

= Y,"~i ® ® *o ) (Af°' ® M°"-'-inp;f)(Af°*-^nxMnM°"-i-*)+ 

+ (j? ® ® (M°* (g) p'MnAf°"-'-')(Af°*-'nxMnAf°"-'-')+ 

+ y y"^'~\i7 (Sir® v_t_.)(M°* ® M°'-'nxAfnAf°"-*-'-'-)(M°'-'nxMnAf°"-' 

= -(c" ® c")p:, + y "J^' (ir ® io ® »n-t) (Af°* ® p'MnAf°""'"^)(A/°*-^nxMnA/°"-^-*)+ 

+ y y ""'"'(ir ® v ® i:^_t_.)(Af°* ® M°'-^nxMnA/°"-*-^-'-)(M°'~^nxMnA/' 

Analogously one has 

n — 1 

-(c" ® C)A = Et=i (^0 ® ® z^,)(p5vf □M°*"'M°«-*)(A.f°*-inxAfnA/°"-i-*) 



.-□n-l-tx 
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and 



[A(n) ® C"]C" 



En — 1 — ^t— 1 ^ 
t = l ^^r=l 

Now, for any l<^<?^ — 1, by definition of xm we liave 



M ' 



'M 



□ n-l-t\ 



□n-l-t 



= (z^ ® ® z^,) ( M^'-'D{M ® pW)XMnAf 



rDn-l-t 



'0 ^ '■n-t 



an also 



ji-i _^t--i 



,n~l __t-l 



ir-r'^«n-t)(M°''~'nxMnM°*-i-'^®M°"-*^'-"'^°*-i 



)(M°*-inxMnM 



□ n-l-tN 



— ^i— 1 ■'^^ — ^r— 1 

n — 1 

Et=i E'-+.j=t(*" ® '1 ® ^l-t){M^' ® A^f°^"-inxA/nA^f°"-i-*)(A'/°'-inxMnAf°"-i-'^) 
E'-+j+fe="(*" ® ® il){M°'' ® Af°J-inxAfnAf°^-i)(Af°'-inxMnAf°""i-'^) 

/c.r,j>0 
,ji-l 



E _ E'-+fe=t(^" ® ik){M^' ® Af ^'^-iDxA/QAf °'=-i)(A/°*-inxAfnA/°"-i-*) 

r,fc>0 

„-i „-t-i^,^ ^ ^ z»_,_j(Af°* ® Ai"°'^-inxAfnA4'°"-*"i-'^)(A/f°*-inxA/nA4-°"-i-*) 



Tlien C" satisfies (P|) . 



□ 



Theorem 2.9. Let (C, A,e) 6e a coalgebra in a cocomplete abelian monoidal category M with left 
exact tensor functors and let (A/, p^,^, p'^^) he a C-hicomodule. {Tq{M), (cri)ieN) carries a natural 
coalgebra structure that makes it the direct limit of {{C^{M))i^fi, {(Tf)i,jeN) as a direct system of 
coalgebras. 

Proof By PropositionEHl for any n G N\ {0}, the canonical inclusion <_i : C"-^{M) C"(Af) 
is a Hochschild extension of C^~-^{M) with cokernel Af^"^^. In particular cr^_i is a coalgebra 
homomorphism for any n S N. Then, by 12.41 cr^ is a coalgebra homomorphism for any m,n gN. 
Now, in view of Corollary 12.61 and Proposition 11.81 [M) carries a natural coalgebra structure 
that makes it the direct limit of ((C"(Af ))ieN, (^i ) j.jeN) as a direct system of coalgebras. □ 

Lemma 2.10. Let (C, A, e) he a coalgebra in a cocomplete abelian monoidal category M and let 
(M , p^j^f , p'-j^) be a C-hicomodule. Let T :— T^{M). Then, for any m,n>l the following relations 
hold true: 



(13) 
(14) 
(15) 
(16) 



{Pm ®Pq)^T 
{PO ®Pn)^T 

{PO Po)At 



□ m — 1| — I 



(Af°™-inxAfnAf°"^i)p™+„, for any m,n > 1; 
{M 

{pijaM°"-^)pr„ for any n > 1; 
AcPo- 



OpM)pm, for any to > 1; 



Proof. By construction, the comultiplication At of T is uniquely defined by the following relation 

ArCi = (cTi (Ti)A(i), for any i e N, 
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SO that, for any m,n,k >0 we have 

{pyn®Pn)^Tik = (Pm ® p„)ATCrfe+ii^+^ 

Recall that: 

A(fc + l)i|5+i = Ac 

A(fc+i).^i = (^r®^r')PM+(^s+^®^nPM 

and for 2 < t 

Then, for k — 0,1 we have respecively 

/ N A ■ / m A /I \ -1 f 0, for TO > 1 or n > 1: 

{p^<^Pn)Ar^o = (Pr®Pi)A(lK = | ^^,-^0; 

<^ Pn)ATil = [p^ ® P2 )A(2)i? 

0, for TO > 1 and n > 1; 
iP2®P2)[{i\ ® *o) Pm + («o i?) pW] = { ^m.iPli, for n = 0; 



Sn,iPM, for TO = 0; 



while, for fc > 2, we have: 

{Pm ^ Pn)ATik 



5„.fe_„(Af°™-inXAfnA-f°"-i), for m > 1 and n > 1; 
do'.k-rn(M°''-^npl,), for n = 0; 
SnMPM^M^''-^), for m = 0; 

so that, for any fc > 0, we get: 

{p^ (E> p„)AT^fc = <5„+„^fc(Af°"-inxAfnAf°"-i) = {AP"'-^axMaM°^-^)p,n+ntk, for any m, n > 1; 
(p™ (E> po)ATtk = S^^kiM^'^'^Dplj) = {M^"'-^aplj)p^tk, for any to > 1; 

(po P«)AT^fc = (5„^fc(p5v,,nA/°'=-i) = (p^nAf°"-iKifc, for any n > 1; 

{,Po®Po)ATik = (5o,fcA(l) = Acpoifc- 
Therefore, we conclude. □ 

Proposition 2.11. Let (C, A, e) he a coalgebra in a cocomplete abelian monoidal category A4 and 
let {M , p\j , p'']^,j) be a C -bicomodule. Let T := Tq{M). Let E be a coalgebra and let a : E T and 
P : E T be coalgebra homomorphisms. If pia = Pi/3, then p„Q; = Pn(3 for any n > 1. 

Proof. Let us prove it by induction on n > 1, the case n — I being true by assumption. Thus let 
n > 2 be such that p„a — PnP- Then 

(XMnAf°"-iK+iQ ^ {pi®Pn)ATa 
= {pia®Pna)AT 

= {pi(3(E)Pnl3)AT 

= (pi ®p„)At/3 ^ (xAfnA/°"-iK+i/3. 

Since xm is a mononiorphism, then, by left exactness of the tensor functors, xmOA/'^"^^ is a 
monomorphism too, so that pn^ia ~ pn+iP. □ 
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Our next aim is to prove the universal property of Tq{M). 

Lemma 2.12. Let (C, A, e) be a coalgehra in a cocomplete abelian monoidal category M and let 
{M^p\j,p\^) he a C-hicomodule. Let S : D ^ E be a monomorphism which is a morphism of 
coalgebras such that the canonical morphism 6 : D ^ E of Notation is a monomorphism. 
Then we have 

Proof. Denote by {L,p) the cokernel oi 5 : D ^ E in M. and by the cokernel of : _D ^ _D in 

fvi. Since p^^i = p5 = 0, by the universal property of the cokernel, there exists a unique morphism 
X : L ^ L such that 

\p — pS. 

Since (5 is a monomorphism, so is A. Therefore, we have that 

:= Ker(p®"A'i-'i) = Ker(A«^"p®"A^'i) = Ker(p®"?«^"A^-i) = Ker(p«^"A^'i?). 

We conclude by observing that, since, by definition, (_D'^e,(5„ = (5^„) Ker(p®"A^~^) where S is 
a monomorphism, the following relation holds true 

p^-,^„)=Ker(p®"A^-i?). 

□ 

Theorem 2.13. Let (C, A, e) be a coalgebra in a cocomplete abelian monoidal category Ai and let 
(M, p^jjP^j) be a C-bicomodule. Let 5 : D ^ E be a monomorphism which is a homomorphism 
of coalgebras such that the canonical morphism d : D E of Notation is a monomorphism. 
Let fc ■ D ^ C be a coalgebra homomorphism and let fM : D M be a morphism of C- 
bicomodules such that /a/Ci = 0; where D is a C-bicomodule via fc- Then there is a unique 
morphism f : D ^ T^{M) such that 

f£,n = <ynfn, for any n £ N, 

where 

(17) /„ = ^"^^zr/S*A*5'e« 

andA^:D^ £)□«+! ^/jg n^'' -iteration ofA^ (A^^ = /c, Ag, = /d^, A^ = A^ : I) ^ ODD). 
Moreover: 

1) f is a coalgebra homomorphism; 

^) Pof = fc o-'^d Pif = fu, where Pn '■ T^(M) — ^ denotes the canonical projection. 

Furthermore, any coalgebra homomorphism f : D ^ Tq{M) that fulfils 2) satisfies the following 
relation: 

(18) puf = /S'a|"' for any A; e N. 

Proof. Set T := T^{M). Following (dSJ, denote by (L,p) the cokernel oi 5 : D E in M and let 

(Z?^-,<5„) :=Ker(p«"A^-i) 

for any n e N \ {0}, where A" : S ^ ^-^e n**^ iterated comuhiplication of E (A^ = 

Id£;,A^ := As). Since /cCi : -D ^ C is a coalgebra homomorphism, then D becomes a C- 
bicomodule and a morphism of C-bicomodules. Set C" = C"(M) and 13" = D^e for any 
n e N \ {0}. Define /„ : £>" C", for every n e N, as in ((T7jl . 
Note that, for every n > 1, ij^ = so that we have 
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Let us prove that /n+iC"^^ " '^n^^fn for any n G N. We have that 

Let be the cokernel of : D ^ D in AA. Let : UZ\L — * L ® L be the canonical 

injection. Define Xj ■ L®", for every n e N, by setting Xj = Mc, Xj = Id?, Xj = Xj 

and x| = (L®"~^ (g) X£)(x^~^nL) for any n > 2. Since the tensor functors are left exact, x| is a 
monomorphism. By Lemma 12.121 we have 

= i^^s = Ker(p®"A^-i) 

Thus, for any n > 1, we have 

Ker (p®"A'i-i) = Ker (x| o p°"A^"^) = Ker (p°"A'^"^). 

so that we get 

(19) P°"A'i,"'en = 0. 

Now, since = 0, there is a unique morphism of C-bicomodules X : L M such that Xp = Jm- 

Thus: 

(20) /S"A5"'6 - A°« (p°« A5"'en)efe 0, for any k < n. 

We conclude that /„+if"+^ = <^n^^ fn for any n S N so that ((t„/„ : — > T)„ is a compatible 
family of morphisms in M. . Thus there is a unique morphism f : D ^ T such that 

/C/c = o-kfk, for any fc e N. 

We have that 

(21) = /S" A^'a 

for any < n < fc. Note that, for k < n, ^ and the right side of (|21|l is zero by (|20|l . Thus, 
the relation above holds true for any fc, n e N. Then we get: 

PnfS.k = PnCTfe/fc = p^/fc = p'sf E^^^^ iJ^/^/A|~^a = /M"A^"^a, for any k,neN. 

We conclude that p„/ = /£^"A^ ^, for any n G N. In particular, for n = 0, 1, we get pof — — 
fc and pif ^ /j\/A| = Jm- 

We have now to prove that / is a coalgebra homomorphism. Let us check that /„ : I?" C" is a 

coalgebra homomorphism for every n G N. 

For n = 0, /„ = and there is nothing to prove. 
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Assume n > 1. By ProDOsition l2.8l we get: 
A(n)/„ 



't=2 



+ ELE!.Ii(v"®»r-.)(M°'^-'nxMnAf°*-^-'')/S*A5'en 

(*o/c®*o/c)A5e„ + 

+ E" , E*"! ® zr_j(Af°-inxAfnA//°*-i-^)/°/ A5 'Cn. 



/a/ Si: 



Now: 



ELi ® (Af°*-inp^,)/°/A*5 



= EL ® *o) [/m "'□(/a/ ® 

= EL ® *o) (/a/^'D/m ® C)(5°*-inp^)A*,-'en 

= EL ® ® C)[5°*-in(5 /c)A5]A*,-' 

= EL ® (-^^^^ ® /c)[5°*-inA5]A5 

= EL ® (-^^^^ ® /c)[A5 ' ® 5]A5C„ 

= EL 0"/mA5 ' ® *o /c) A^Cn 

Analogously one gets 

EL ® (p'MnAf°'-i)/°/A*,-'en = EL ® *r/A°/A5 ') A^e. 



Moreover we have: 



EL ^IJ'" ® *r-.)(Af°'^-inxMnAf°*-i-'-)/°/A*5-'^„ 

EL ELi('" ® *r-.)(/A/ ® f°rniD°''-'oxi,nD^'-'-nAT^r^ 

EL ELi(*"^°^'' ® ^r-./S*"'')(A5 ' ® A^"'''')A5C„ 

EL ELi(*"^°^''^^'"' ® zr_./S*-^A*,-'-^)A5c„ 



So we get 
A(n)/„ 



W/c®*S/c)A5Cn 



- EL 0"/a°/^5 ' ® *o/c) A56. + EL 0° 

- EL ELi(''"^°^'^^5"' ® ^^-./S'-^A*5-^-^)A5e. 



^c^^r/A/AsM An^n 



16 



A. ARDIZZONI, C. MENINI AND D. §TEFAN 



On the other hand we have 

= (EL Afi ' ® z^/S'^ A|r')A5C„ 

+ EL(*"-^°^*^^'' ® z^/S°A5')A5e. + ELi(*o/S°a|"' » z^/°/A|r')A56. 
+ (EL *r/A7A5 ' ® ELi ^^/S'aI" ')A5Cn 
= (*;?/c ® ^Uc)A^^n + Y^'^^JtUm^T ® *o/c)A5en + ELi(*o/c ® z^/S'A5"')A56. + 

+ EL ELi(*"/m A*3"' ® z;:/S'=A|-')A5en 

= A(n)/„ - 5]"^^ EL(*"/a°''^5"' ® z?_./,°/"'^A5 '-'■)A5en + 
+ EL ELi(*"/m Afi ' ® i^/S'As ')A5en. 

But 

(zr/7A*3-'®z^/°'=A|-')A5C„ 

= ff/S* ® «/°/-)(5°*-inx5n5°'"')Ar'"'en 
= i^t ® «D(/m ® /]?/)(5°*-inx5n5°'=-i)A5+'-'^„ 
= (z? z^)(M°*-inxMnM°'=-i)/°/+^-A5+'-'6.. 

By (|20l) . the last term is zero whenever t + fc > n, so that: 

EL ELi(*"/a°/^6 ' ® ^fe/M a|"')A56. = Ei<*.fe<«(*"/M As ' ® z^/S'a|-')A5^„ 

= EL T.lj'rf?f^3' ® zr-./.°/-''A5 A^e 

and hence 

(/„®/„)Ai3„ = A(n)/„. 
Furthermore £(0)/o = = Sjjo, while, for every n > 1, we have 

e{n)fn - ^"^^£(n)zr/°/A5'c« 

= EL ^C^^r/M As '6. = £C^^^/a? A^zT 'fn = £C*J/Cen = ec/cfn = ^D" ■ 

We conclude that /„ is a coalgebra homomorphism. Now, by construction, / is the unique mor- 
phism such that f£,k = <^kfk, for any fc e N. By Proposition ll.lOl ((_D^c)igN, (^Dijew) is a direct 
system in whose direct limit D carries a natural coalgebra structure that makes it the direct 
limit of {{D^c)i,=fi, ^ direct system of coalgebras. Since (Jk is a coalgebra homomor- 

phism so is (Tfe/fc and hence / is a coalgebra homomorphism. 

Assume now that g : E —f T is another coalgebra homomorphism such that pog = fc smd 
Pig — fm. Then, by Proposition 12 . 1 ll we have Png — Pnf foi' any G N. □ 

Lemma 2.14. Let {Xi)i£fi be a family of objects in a cocomplete and complete abelian category M 
satisfying AB5. Let Y be an object in A4 and f : Y ^ (BienXi be a morphism such that 

Pkf — for any fc G N, 

where pk ■ (BXi —> Xk denotes the canonical projection. Then / = 0. 
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Proof. By |E1 Corollary 8.10, page 61], is a C2-category so that the conclusion follows by |Pol 
Proposition, page 54]. □ 

Theorem 2.15. Let (C, A, e) be a coalgebra in a cocomplete and complete abelian monoidal category 
Ai satisfying ABB. Let {M,p\j,p\^) be a C-bicomodule. Let 5 : D ^ E be a monomorphism 
which is a homomorphism of coalgebras. Let fc : D ^ C be a coalgebra homomorphism and let 
fM '■ D M be a morphism of C-bicomodules such that fuS,! — 0, where D is a bicomodule via 
fc- Then there is a unique coalgebra homomorphism f : D T^{M) such that pof — fc and 
Pif — fu, where Pn : T^{M) M^"" denotes the canonical projection. 

T^{M) — — - M 




Proof. Since M satisfies AB5, the morphism 6 : D ^ E oi Notation II. Ill is a monomorphism, so 
that, by applying Theorem 12. 131 there is a coalgebra homomorphism f : D ^ T^{M) such that 
Pof — fc and Pif = fM- Furthermore any such a coalgebra homomorphism fulfils the following 
relation 

Pkf - for any fc G N, 

where Af, : D jg ^j^g n*'^-iteration of as defined in Theorem 12. 131 

Now, let /, g : D ^ T be morphisms such that 

Pkf = Pk9 for any fc G N. 
By Lemma im f = a. □ 

Lemma 2.16. Let E be a coalgebra in an abelian monoidal category A4. Let f : E ^ L and 
g : E ^ M be morphism in A4 . Then 

Ker (/) Ab Ker (g) = Ker[if ® .g) o A^]. 

Proof Let iX,ix) = Ker (/) and let = Ker (5). Let px : E ^ E/X and py : E ^ E/Y 

be the canonical quotient maps. Since fix — 0, by the universal property of the cokernel, there 
exists a unique morphism 7^ : E/X L such that ^xPx — /• Moreover, we have {E/X^px) = 
coker(ix) = coker(Ker (/)) = coim(/). As M. is abelian, it is straightforaword to prove that 
{E/X, 7x) = Im(/). In particular 7x is a monomorphism. Analogously one gets a monomorphism 
7Y : E/Y M such that ^yPy = g- Since A4 has left exact tensor functors, then 7x 7y is a 
monomorphism, so that, by definition, we get: 

X AeY -.^ Ker[{px ®py) ° A^] = Ker[{'^x ® 1y){px ®Py) ° A^] Ker[{f g) o A^]. 

□ 

Proposition 2.17. Let 6 : D ^ C be a monomorphism which is a coalgebra homomorphism in an 
abelian monoidal category A4 . Then we have 

(22) D^c AcD^^ = 1?^^+". 

Proof. Set {L,p) — coker((T). Let 



(D^'o^Sn) :=Ker(p®"A;?-^^ 



By Lemma [2. 161 we have 

l=L^KLiyp L^(j '^p L^(j 



D'^c = Ker [p®™+"A™+"-i] = Ker [(p®"A™-i ® p®"A^-i)Ac] = D'^c Ac D' 



□ 
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Theorem 2.18. Let (C, A, e) he a coalgebra in a cocomplete and complete abelian monoidal category 
A4 satisfying AB5. Let {M,p\j,p\,j) he a C -hicomodule. Let T := Tq{M). Then 

(C"(Af),a„)=C^^ 



for every n gN. 
Proof. Let n e N. Let 

be defined by 
Define 



A" = 



the canonical injection if a > n, 
otherwise. 



ia for every a > n 
otherwise. 



as the codiagonal map of the family {ia)a>n ^'^ that we have 
Define 

as the codiagonal map of the family (Aq)^^^],^ , that is 

Tnia — A", for every a G N. 

Thus, we have 

Tnl^nK = Tnia = A" for a > U, 

so that 

TnVn = Id^^^^jvjDa for every n £ N. 
Let C" = C" (M) for every n G N. Let us prove the following sequence 

^ C" ^ T ^ ©„>„Af°" ^ 
is exact. We check that {®a>nM^"-,Tn) = Coker(cr„). 

Since t„z^„ — Id, it is clear that t„ is an epimorphism and that z/„ is a monomorphism. 
From 

TnCTnia = Tn^a = A^' = 0, for every < a < n - 1, 

we deduce that 

TnO'n = for every n G N. 
Let / : T — > X be a morphism such that /cr„ — for every n e N. Thus, for every < a < n — 1, 
we have 

fia = /CT„i" = 

Set 

7 = fi^n 

and let us prove that / = /t„. From 

7 ■ _ f _ { fia for every a>n 
jTnia - jVnA, - | ^ otherwise. 

we deduce that /r„ia — fia, for every a G N, and hence /r„ = /. 

Let us prove that C" — C^^, for every n G N. 
The case n = is trivial. Let us prove the equality above for every n > 1 by induction on n. 
If n = 1, by definition, we have — C — C^^. 

Let n > 2 and assume that C^t = C*"^^. By Proposition 12. 171 and Lemma [2. 161 we have 



so that 
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is an exact sequence. In order to conclude, it is enough to check that the following sequence 

^ C" ^ T (--1^^)^- (®.>„_iM°'^) (®.>iA/°^) 

is exact. For every < a < n — 1, we have 

(t„_i (g) Ti) ATCr„i" = (r„_i n) (cr„ cr„) A (n) 
By Proposition 12.81 we can write 

^ — 'r— 

where fij : Af'-'" Af ^* ® Af are suitable morphisms. Thus we get 

(t„_i (g) Ti) ATCr„C = Ti) (cr„ 0) Cr„) (i^ ® i1^^)fr,a-r 

E(t„_iV riia_r) /r,a-r = (A^"^ A^_^) fr,a~r = 

r— — ^r— 

Therefore (t„-i ti) ATcr„ = 0, for every n e N. 
Let g : y — > T be a morphism such that 

(r„_i 0) Ti) At5 = 0. 

Now, for every c G N and for every a > b, we have 

so that 



Paic for every c > b 

^ Pa'i-c otherwise. 



Pai^bU = Pa, for every a > b. 
Thus, for every a > n — 1 and 6 > 1, by Lemma 12.101 we have 

{Pai^n-iTn-i <E> Pb^iTi) Arg = {Pa ® Pb) ATg= (A/°°-inxMnM°'') Pa+bg- 

By left exactness of the tensor functors, M^°-^^DxmOM^'' is a monomorphism so that 

Pa+bg = 0. 

We conclude that 

Peg = 0, for every c > n. 

Set 

g = T^ng- 

and let us prove that g = a„'g. By Lemma l2 . 141 this is the case if and only if 

Pag = PaCT„g, for every a £ N. 

We have 

Pag for every a < n 



Pacing ^ Pn'^ng 



Pag otherwise. 
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3. Technicalities 

The main aim of this section is to proof Theorem 13.111 that will be our main tool in the proof 
of Theorem [4. 151 

Lemma 3.1. Let A4 be a monoidal category with left exact direct limits. Let ((j4i)ieN, (a^)ij'eN) 
and ((Bi)igN, iPi)i,jeN be direct systems in A4, where, for i < j, : Ai Aj and Pf : Bi ^ Bj. 
Let (^i : Ai -Bi)jeN be a direct system of monomorphisms. Let (A, (Q;i)ieN) = lim^i and let 
{Pi : Bi be a compatible family of monomorphisms such that Piji = ai for any z G N. 

Then {A, {Pi)i(riq) = limBj. 

Proof. Since direct limits are left exact in A4, the canonical morphism lim/3i : lirn ij., — > yl is a 
monomorphism. Moreover, since lim/?i o lim7i = limai = Wa, we have that lim/3i is also an 
epimorphism and hence an isomorphism. □ 

3.2. Let (A^,®, 1) be a cocomplete abelian monoidal category. Recall that a graded coalgebra in 
is a coalgebra {B, A, e) endowed with a family {Bi, Pi) of subobjects of B, such that 

B = ©j6nS, 

and there esists a family (A.;) ^^ of morphisms 

A^:B^^{B^ B)^ = ©a+6=» {Ba ® Bb) , 

such that 

AA = [Va+b=^ {Pa ^ Pb)] A, 

and 

ePi — 0, for every i > 1. 

Here Va+&=i {Pa O Pb) denotes the codiagonal morphism associated to the family {Pa ® Pb)a+b=i ■ 
In particular it follows that e restricts to a morphism 

£o : So ^ 1 

such that 

£ = eo/3o 

and {Bq, Aq, Eo) is a coalgebra in M. Moreover Pq is a coalgebra homomorphism. 

Proposition 3.3. Let (A^,®,1) be a cocomplete abelian monoidal category. Let B — Q)i£nBi be 
a graded coalgebra. Denote by {L,p) the cokernel of Po in A4. Then 

(23) p®"+iA^/3f, = 0, for every < b < n. 

Moreover 

B = lim(Bo«),gN. 

Proof. Denote by Pi : Bi B the canonical inclusion and denote by ti : B ^ Bi the canonical 
projection, for every i e N. Since /3o is a coalgebra homomorphism and Pq is a monomorphism, we 
can consider 

(Bo^-,,5„) :=Ker(p®"A^-i). 
Denote by : B^^ — > Bq ^ the canonical inclusion, for every j > i. Hence we have 

In order to prove 1)23(1 . we proceed by induction on n > 0. For ti = 0, then 6 = and we have 

p'»"+'AlPb=pA%Po^ppo = 0. 
Let 71 > 1 and assume p^'^^^ AgPj = 0, for every 0<j<i<n — 1. For every < c < n, we have 

= ® p^^Ab) [Va+b=c {Pa ® Pt)] A, 

= [^a+t=c {p®^-^Al-^pa ® p'^^AePb)] Ac - 0. 
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By definition of (i?g^,(5„), tliere exists a unique morphism 



-.A 



such that 

Since each Pi cosplits, then V"^Q/3i is a monomorphism. Thus also 7„ is a monomorphism. Denote 
by (3^ : ©f^o^« ~^ ©i=o^« t^*' canonical injection when a < b. Then we have 

J„+27n+l/3;:+^ = (Vr+o'A) = V?=oA = ^n+l7n = Sn+2C:thn 

Since 5n+2 is a monomorphism, we get that 

In+lPn =C«+l7n 



,A 



i+l 



for every n G N. Thus (7„ : ©"^o^» ^ ^ )n6N defines a direct system of monomorphisms in 
M. Now, as, by Proposition 12.51 (-B, (V"^oA)neN) = lHn(ffi"=o^j)j by Lemma ISTTl we have that 

{B, {5n)nen) lim(Bo ^),gN- □ 

Proposition 3.4. Let i e {1,2}. Let fi : Xi ^ Yi he morphisms in an ahelian monoidal category 
A4. Let ai : Yi —>■ Xi such that fiat = Idy^ . Then 

Ker (/i /2) = [Ker (/i) X2] + [Xi ® Ker (/a)]. 

Ftoo/. Let {K^,k,) = Ker(/j) for i = 1,2. Let vi : Ki •gi X2 {Ki X2) ® (Xi ® iCa) and 
1^2 '■ ^1 K2 — > {Ki X2) ® {Xi O ii'a) be the canonical inclusions. Then, by the universal 
property of coproducts, there is a unique morphism r : {Ki O X2) © (^1 ® K2) ^ Xi (S) X2 such 
that 

(24) Ti^i^kigX2 and ri^2 = -'^i ® ^2- 

By definition, one has (Ki X2) + {Xi (g) K2) = Im(T) = Ker (tt), where (C, tt) = coker(T). 
Thus, in order to prove our statement, we will show that (C, tt) = (Yi (X) F2, /i ® /2)- By (|^ . we 
have 

(/i®/2)ti/i = (/l®/2)(A:i®X2) = 0, 

so that (/i ® /2)''" = 0. By the universal property of cokernels, we obtain a unique morphism 
a : C ^ Yi (8) I2 such that an = fx® /a. 

Define /3 : Yi (8)1^2 ^ C by /? := 7r((Ti ® 0-2). Let us prove that /3 is a two-sided inverse of a. Clearly 
one has 

a/3 = a7r((Ti (gi 0-2) = (/i (8 /2)(o-i ® 0-2) = Idx^^x^- 
Now, since /ifii — Idy^, there is a unique morphism pi : Xi Ki such that piki = IdA'i and 

(25) hpi + (Ti/j = Idxi, for any i e {1, 2}. 
Then we have: 

Pair = /3(/i ® /2) 

= 7r(cri/i 8) (72/2) 



123 



121 



7I"[cri/i ® (Idx2 - ^2^2)] 

7r(cri/i ® Idjf J - 7r(cri/i (g) k2P2) 

7r[(Idxi - fciPi) «) IdxJ - 7r(Xi ® k2)(aifi ® P2) 

TT - 7r(A;ipi (g) IdjfJ - 7rTi^2(cri/i P2) 
TT - 7r(A:i (g Idx2)(pi ® Wxs) 

TT - TTTI/l (pi g) Idx2 ) 
TT 
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Since tt is an epimorphism we conclude that (3a ~ Idc and hence that a is an isomorphism. Thus 

{C,TT)^{Yi(g,Y2jl®f2). □ 

Proposition 3.5. Let 6 : D C be a morphism that cosplits in A4. Lf 6 is a coalgebra homomor- 
phism, then we have 

(26) D^i = D Ac D ^ Ac\D (SC + C D). 

Proof. Set {L,p) = coker(a). Let 

(D^o^S^) :=Ker(p«"A^-i). 

We have 

D^c = Ker[(p®p)Ac] 
= A^}[Ker ip(g>p)] 

A^^i [Ker (p) ® C] + [C (E)KeT (p)]} ^ A^^HD C) + {C ig) D)]. 
where in (*) we have applied ([^ Proposition 5.1, page 90]) and in (**) Proposition |^| □ 

Lemma 3.6. Let a : A A' be a coalgebra homomorphism in an abelian monoidal category A4. 
Assume that a is a monomorphism. Let i G {1, 2} and let Ui : Xi —>■ A, a[ : X[ A^ <Ji : Xi X[ 
be morphism such that aui = a[ai. Let (Li^pi) — coker(ai) and (L^,p'j) = coker(a9 and let 

{Xi Aa X2,Xi,2) = Ker [{pi ® P2)Aa] and {X[ Aa' ^2, = Ker [{p[ ® p^)Aa']. 

Then there is a (unique) morphism 

X^X{A,Xi,X2;A',X[,x;,):Xi Aa X2 ^ X[ Aa' X'^ 

such that X'l 2A — crAi^2- Moreover X is a monomorphism. 

Proof. Since 

p',aa^ = p',a',a.i 0, 

by the universal property of cokernels, there is a unique morphism Ti : Li L[ such that TiPi — p\a. 
Then we have: 

{p\ ® P2)^A'0'Ai,2 = (p'l ® p'2)(.0- ® (j)AaXi^2 = (ti ® T2){pi ® _P2)AylAi,2 = 0. 

By the universal property of kernels, there is a unique morphism A : Xi Aa X2 X[ Aa' X2 such 
that X'l 2 A — crAi_2- Clearly, as cr and Ai_2 are monomorphisms, A is a monomorphism too. □ 

Lemma 3.7. Let ((Xi)^^^, (^f )i,jeN) cind let ((yi)jgN, (Ci')ij"GN) be direct systems in a monoidal 
category A4, where, for i < j , : Xi Xj and (^f : Yi ^ Yj. Let a : A B be a coalgebra homo- 
morphism and let {ai : Xi — > ^)ieN o,nd {[3i : Yi — > -B)igN be compatible families of morphisms in 
A4. Let Xi : Xi ^ Yi be a morphism such that f3iXi = aai, for any i G N. If (3i is a monomorphism, 
for any i G N, we have that (Xi : Xi ~* Yi)i^fi is a direct system of morphisms in AA. 

Proof. For any i < j, we have that: 

PjXs^i = Ta.^i = aa. = /3.A. = /3,C^A.. 

Since Pj is a monomorphism for any j G N, we conclude that XjS^f = Xi i.e. that {Xi : Xi Yi)i(zf!i 
is a direct system of morphisms in A^. □ 

Lemma 3.8. Let A4 be a cocomplete monoidal category with left exact direct limits. Let {(Xi)i^iq, (Ci )i,ieN) 
be a direct system in M, where, for i < j , Ci ■ Xi ^ Xj. 

Let J : M ^ N be an injection. Then ((X-y(i))igN, (^!^(f)^)i,iGN) is a direct system in Ai. Let 
{X, (Ai)igN) = lhn^7(i)j where Xi : ^'y(i) X for any i G N. 

Then {X, i^i)ieN) = lunXi , where ^i : Xi ^ X is defined by S^i :— Aj^7^"''' ■ Xi ^ X, where j E N 
is such that > i. 



\ f7(j') _ \ f7(j')f7(j) _ \ (lU) 
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Proof. Clearly jgn) is a direct system. Let us prove the last assertion. Let 

jj' £ N such that 7(j') > > i. Then 

so that is well defined. Note that 

(27) C7(j) = ^j^u) = Aj- 

Moreover, for any i < j, and for any i G N such that ^{t) > j we have: 

so that {^i : Xi — > X)igN is a direct system of morphisms. Let now (/i : Xi l^)i(EN be a 
compatible family of morphisms in M. Then (/-y(i) : ^7(1) —>■ ^)ieN is a compatible family of 
morphisms in M so that there exists a unique morphism f : X ^ Y such that fXi = for any 
z £ N. For any i G N and for any j G N is such that ^{j) > i,we obtain 

f^i = /Aj^^''''' = f',{i)£.i'^''^ = fi- 
Let g : X Y he another morphism such that g^i = fi. Then we have 

By uniqueness of / we get g = f, so that {X, = limX,;. □ 

Lemma 3.9. Let (A^,®,!) be a cocomplete abelian monoidal category satisfying A_B5, with left 
exact direct limits and left and right exact tensor functors. Let (I, <) he a directed partially ordered 
set. Let {{Xi)i^i, ^ direct system in Ai, where, fori < j, : Xi ^ Xj. Let {wi : Xi 

W)i^i be a compatible family of monomorphisms in A4. Let {X, {^i)iei) — lirnXi . Let w : X W 
be the unique morphism such that w^i — Wi for every i. Let ^ : (BXi X be the unique morphism 
such that ^Si ~ ^i for any i G I and let to : (BXi W be the unique morphism such that ujEi = Wi 
for any i G I, where Si : Xi —> ®Xi is the canonical inclusion. Then: 

— LU. 

Moreover w is a monomorphism and ^ is an epimorphism. 
Proof. Since w^,; = Wi, the ^^'s are monomorphisms. Clearly we have 

wS^Ei — wS,i ^ Wi = LOSi for any i G I 

and hence 

Moreover, regarding [wi : Xi W)i<^i as a direct system of monomorphism, in view of ABb, we 
have that w is a monomorphism and ^ is an epimorphism. □ 

Lemma 3.10. Let (A^, 0, 1) be a cocomplete abelian monoidal category satisfying ABb and with left 
and right exact tensor functors. Let (I, <) be a directed partially ordered set. Let ((Xi)igi, (£,l)i,j&) 



be a direct system in M., where, for i < j , S,f : Xi ^ Xj. If (BXi commutes with (E), then IwaXi 
does. 



Proof. Let {{Xi)i^i, {£_f)ij^i) be a direct system in M, where, for i < j, S^f : Xi ^ Xj. Let 
{X, {£,i)i(£i) = limXi and let Y be an object in M. By jStj Lemma 1.2, page 115], the ^^'s are 
monomorphisms. Also, by the universal property of the coproduct, there is a unique morphism 
^ : ®X, X such that 

(28) = (,1 for any i G I 

where Ei : Xi — > (BXi is the canonical inclusion. Moreover, ^ is an epimorphism. 
Assume that 

(29) ((©A,)®r,e, ®y) = ®(A, ®y). 



24 



A. ARDIZZONI, C. MENINI AND D. §TEFAN 



Let 7i : Xi^Y ^ lim(Xi (^Y) be the canonical morphism. By the universal property of coproduct 
and by H29|l . there is a unique morphism 7 : (©X^) F ^ \bn{Xi (g) Y) such that 

(30) 7(£i (g) y) = 7j for any i e I. 

In an analogous way, by the universal property of direct limits, there is a unique morphism A : 
\mi{Xi (^Y) ^ X (S)Y such that 

(31) A7, ^(,^(E)Y for any i e I. 

It is easy to see that we can apply Lemma to the present situation and get: 

A7 = ^ ® r. 

where A is a monomorphism and 7 is an epimorphism. Moreover, since the tensor functor is left 
exact and ^ is an epimorphism, we get that ^ (g K is an epimorphism. Hence A is an epimorphism 
too. □ 

Theorem 3.11. Let (C, A, s) be a coalgebra in a cocomplete abelian monoidal category M satisfying 
AB5, with left and right exact tensor functors. Assume that denumerable coproducts commute with 
eg. Let a : C A and a : A B be monomorphisms which are coalgebra homomorphisms and let 
(3 — era. Assume that a cosplits in M. Let — coker(a) in M, let (C^-ijan) :~ Ker(p®"A^~^) 
and assume that an cosplits in A4, for every n G N. If Ca — A and B — A^^^, then Cb = B. 

Proof. For any morphism r/ we set (L^,p^) = coker(r/) in A4. By Proposition l3.5l we get 

B W Ag\A®B + B(» A). 



Let 

(C^^a„) :=Ker(prAr') and (C^S, /3„) Ker (pf "A^^-^^ 
By assumption {A, (a„)„gN) = Ca = limC^-*. Then, by Lemma l3. 101 we obtain 

A^B = (limC^^) ®B = lim(C^^ B). 

We have: 

B = A^i [lim(C^" (g)B)+ \un(B C^^ )] 



AghimiiC"^ (g)B) + {B(g) C^^)] 



= limA^i [(C^^ (g)B) + {B(g) C^^ )] 
= lim(C^^ AbC^"^) 

where in the second equality we have used that in an Ai35-category direct limits of direct systems 
of subobjects are just sums of their respective families; in the third we have used a well known 
property of ABS-categories (see |H3 Proposition 1.1, page 114]); in the last equality we have used 
Proposition 13.51 in the case 6 = aan '■ C^-^ B. Note that, by applying inductively Lemma f3. 61 
we obtain, for any n G N, a monomorphism 

such that 

(32) P„XXb = f^an- 

By Lemma [3. 71 (A^ ^ : C^^ — > C^s)igN is a direct system of monomorphisms in M.. Let m < n. 
Note that, if we denote by : C^" — > C^^ and by ^ : C^^ — > the canonical morphisms, 
this means that A^ ^^^^ ,„ ='CS,mAXs- 

Let (LrnPn) = coker((T„a„) and (i^,p^) — coker(/3„) and let 

(C^^ Ab C^^, A„) = Ker[(p„ ®p„)Ab] and (C^S A^) = Ker [(^ «> K)Ab]. 
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In view of (|82(l . we can apply Lemma 13.61 to obtain a monomorphism 

A(n) = X{B, C^^ , C^^ ; C^^ , C^^ ) : C""^ Ajj C""^ C^S C^S 

such that 

A^jA(n) = A„. 

By Lemma [3. 71 (A(n) : C^-* As C^-* — > C^^ Ab C^B)neN is a direct system of monomorphisms in 
A4. Since, by the foregoing, B — hm(C^^ As C^^), by Lemma f3. II appHed in the case = X{i) 
for any i G N, we obtain that 

(B, (A;)„eN) = lini(C^« As C^S). 

As 

we obtain 

(B,(/32„)„eN) =liniC^«". 

Now, apply Lemma 13.81 in the case when 7 : N ^ N is defined by setting 7(71) = 2?! for every 
n G N. Then we get 

(B,(/3„)„eN)=lmiC^-" = CB. 

□ 

4. Formal Smoothness of the Cotensor Coalgebra 

The main aim of this section is to prove Theorem l4. ISI which asserts that the cotensor coalgebra 
Tq{M) is formally smooth whenever C is a formally smooth coalgebra in a cocomplete and complete 
abelian monoidal category 7W satisfying AB5, and M is an Z-injective C-bicomodule in A4. 

Definition 4.1. Let (C, A, e) be a coalgebra in {M, ®, 1) and let (i, p^, p'£) be a C-bicomodule. 
Let us consider the standard complex: 

— > M{L, 1) ^ M{L, C) M{L, C ® C) M{L, C C ® C) • ■ • 

Let n e N. For every < i < n + 1 and for every / e A^(i, C®"), we define, 
for n = : 

and, for n > 0: 

r (/®C)op£ z = 0; 

(C®"-* A(^C®*-i) o/, i = l,...,n; 
i z = ?i + 1. 

One has that 

— ^i— 

In particular, for n G {0, 1, 2} the differentials are given by: 

b\f) = lco{J®C)opl-rco{C®f)op'^- 

b\f) = (/®C)op£-Ao/+(C®/)op^; 

= (/0C)op£-(C® A)o/ + (A®C)o/-(C®/)op'^. 
Further details can be found in |AMS| . 

4.2. Let M. be an abelian category and let 7i be a class of monomorphisms in AA. We recall 
that an object / in is called injective rel A, where A : X — > K is a monomorphism in 7i, if 
A^(A,/) : M(Y,I) Ai{X,I) is surjective. / is called 7i- injective if it is injective rel A for every 
A in The closure of Ti. is the class C(7i) containing all monomorphisms A in such that every 
W-injective object is also injective rel A. The class TC is called closed ii H = C{H). A closed class 
Ti. is called injective if for any object M in A4 there is a monomorphism A : i\/ — > / in 7i such that 
/ is Ti-injective. 
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4.3. We fix a coalgebra C in an abelian monoidal category J\A. Let U : '-^ JVl'-^ ^ be tlic forgetful 
functor. Then 

(33) I:^{f £ ^M^ I U(/) cosplits in M}. 

is an injective class of nionomorphisms. 

Now, for any C- bicomodule M e '-iM'^, we define the Hochschild cohomology of C with coefficients 
in M by: 

H'(Af,C) = ExtJ(Af,C), 
where Extj(M, — ) are the relative left derived functors of '^A1'^(Af, — ). The notion of Hochschild 
cohomology for algebras and coalgebras in monoidal categories has been deeply investigated in 
|AMSj . Here we quote some results that will be needed afterwards. 

Definition 4.4. A coalgebra in M. is called coseparable if the comultiplication A : C — + C ® C 
has a retraction in '^A4'~'. 

Theorem 4.5. |AMSI Theorem 4.4] Let C be a coalgebra in an abelian monoidal category Jv[. 
Then the following assertions are equivalent: 

(a) C is coseparable. 

(b) C is X~injective. 

(c) Hi(M, C) = 0, for all M e ^M'^ . 

(d) H"(M, C) = 0, for all M e ^M^ and n>0. 

(e) Any morphism in ^A4^ cosplits in ^.A4^' whenever it cosplits in A4. 

(f) The category ^A4^ is I—cosemisimple (i.e. every object in ^ A4'~^ is X- injective). 

Definition 4.6. An extension ct : C £' is a trivial extension whenever it admits a retraction 
that is a coalgebra homomorphism. 

Definition 4.7. We say that the sequence I {Ei)^^^, (r/^J ) of morphisms in an abelian 
monoidal category M 



(34) E,^E,^ ■■■^E,,^E,^ '-"-'^ 



-1 + 2 



is a direct system of extensions if 77„ is a coalgebra homomorphism and £"„ Ae^^^ £"„ = E^+i, 
for any n > 1. We say that a direct system of extensions ^(£'OieN ' {jfi^ ^ is a direct system 
of Hochschild extensions if each ri^'^^ has a retraction in M. 

Example 4.8. Let C and E be coalgebras in an abelian monoidal category M. Let 5 : C ^ Ehe a. 
monomorphism which is a homomorphism of coalgebras in . The sequence ( ( C^^= ) , (C; ) 
is a direct system of coalgebras extensions that will be called the C-adic direct system in E. 
Definition 4.9. Let M be an abelian monoidal category. We say that the direct system of 
extensions {Ei)^^^^, [rjj] I has a direct limit if limiS^ exists in the category €oalg{M) of 
coalgebras in A4. 

Remark 4.10. If I {Ei)^^j^ ' ) I is a direct system of Hochschild extensions, then, for any 
n > 1, 

E„^ En+i Coker (r,,"+i) ^ 

is a Hochschild extension of En with cokernel Coker . 

Theorem 4.11. |AMSI Theorem 4.16] Let (C, A,e) be a coalgebra in M. Then the following 
conditions are equivalent: 

(a) The canonical map Homcoaig('5, C) '■ Homcoaig(£^, C*) ^ Homcoaig(^, C*) is surjective for 
every coalgebra homomorphism 6 : D E that cosplits in A4 and such that D Ae D ^ E. 
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(b) The canonical map Honicoaig (lim-En , C) — > Homcoaig(£'i, C) is surjective for every direct 
system of Hochschild extensions i{Ei)i^-fq, (^Vi^ j which has direct limit lim£'„. 



(c) The canonical map Homcoaig(lini£)^g, C) Homcoaig(£^, C*) is surjective for any coalgebra 

E in M. and any subcoalgebra D of E such that ( Z?^e ) , I £i ) ] is a direct system of 

\\ / iefi V '' ijeN J 

Hochschild extensions which has direct limit limZJ^g . 

(d) Any Hochschild extension of C is trivial. 

(e) H2 (M, C) = 0, for any M £ ^ . 

Definition 4.12. Any coalgebra (C, A, e) in ®, 1) satisfying one of the conditions of Theorem 
14.111 is called formally smooth. 

Theorem 4.13. jAMSI Corollary 4.21] Let (C, A, e) be a coalgebra in an abelian monoidal category 
Ai . Then the following assertions are equivalent: 

(a) C is formally smooth. 

(b) Coker (A) is T-injective, where A is the comultiplication of C . 

Remark 4.14. We point out that, in view of Proposition 12 . 1 71 our definition of _D^e and the one 
given in |AMSj agree. 

Theorem 4.15. Let (C, A,e) be a formally smooth coalgebra in a cocomplete and complete abelian 
monoidal category Ai satisfying AB5, with left and right exact tensor functors. Assume that 
denumerable coproducts commute with (g). Let {M,p\j,p\i) be an T-injective C-bicomodule. Then 
the cotensor coalgebra Tq{M) is formally smooth. 

Proof. We will prove that any Hochschild extension of T := T^{M) is trivial. Let tr : T ^ B be a 
Hochschild extension of T. Since the canonical projection po : T — * C is a coalgebra homomorphism 
and C is formally smooth, by a) of Theorem 14.111 there exists a coalgebra homomorphism fc ■ 
B C such that /ctr — Pq. Then B is a C-bicomodule via fc- Moreover a becomes a morphism 
of C-bicomodules. Since M is Z-injective and the canonical projection pi ; T — > M is a morphism 
of C-bicomodules, then there is a morphism of C-bicomodules : B ~* M such that /jv/f — Pi- 
Since, by Proposition 12 . 1 81 we have 

Ct = limC^? = limC"(M) = T 

since cr„ : C" T cosplits and since, by definition of Hochschild extension, B = T^b and a 
cosplits, then by Theorem 13. 1 II applied to the case "a" — io ■ C ^ T the canonical inclusion and 
"cr" = cr, we have Cb ^ B. Now we have 

/j\/o-Jo = piia = 0. 

Therefore we can apply Theorem lTTCl in the case when "C" = "Z?" ^ C, "Af" = M, "£"' = B and 
"5" = aig in order to obtain a unique coalgebra homomorphism f : B —>■ T such that pof — fc 
and pif = fM- Then we have 

Po/cr = /ccr = Po, and pifa = /mct pi. 

By Theorem 12 . 1 51 applied to 5 = io : C — > T, the morphism Idr is the unique coalgebra homomor- 
phism such that poldr — Pa and pildr — pi, Therefore, we conclude that fa — Idr- O 

Corollary 4.16. Let (C, A,£) be a coalgebra in a cocomplete and complete abelian monoidal 
category A4 satisfying AB5, with left and right exact tensor functors. Assume that denumerable 
coproducts commute with ®. 

a) If C is formally smooth, then 

al) Tq{C eg) X (g) C) is formally smooth, for any X G M. In particular T^{C®^) is formally 
smooth, for any n > 1. 

a2) The cotensor coalgebra T^,{Coker{A)) is formally smooth. 

b) If C is coseparable, then the cotensor coalgebra T^{M) is formally smooth, for any C-bicomodule 
M. 
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Proof. We will apply Theorem 14.151 

al) By the dual of |AMSI Theo 1.16], all the objects of the fo rm C lE) X lE) C, where X £ M, are 
Z-injective. 

a2) By Theorem 14.131 since C is formally smooth, we have that Coker A is Z-injective. 

b) By Theorem 14.51 any C-bicomodule M is I-injective. □ 

5. Applications. 

Lemma 5.1. Let R be a ring and let A4 be the category of right R-modules. Let ((Xi)igi, (^^)ijei) 
be a direct system in A4, where, for i < j, : Xi ^ Xj, and let (^^ : X^ — > C)i^i be a 
compatible family of monomorphism in M.. Assume that (C, — lim((Xi)igi, Then 

Proof. Let i e I and let n : Im(^i) ^ C, Ci ■ Im(Ci) ^ U,ei[Inite): '■ Uiei-^™(^») ^ C he 
the canonical inclusions. We have that r^i = r^, for any i G I. Note that, for i < j, we have 
Im(fi) C Im(^j). Let Ui : Xi ^ Ini(^i) be the corestriction to Im(^i) of Then ai is an 
isomorphism. Note that r^a^ — ^i, for any i G I. 

Since {Qai : Xi IJ^^j Im(^i))igi is a compatible family of morphisms, there exists a unique 
morphism X : C = lim((Ai)i£i, (^i)igi) Uiei Ini(Ci) such that A^i = dai, for any i e I. Therefore 
we have 

rX^i = rQai = nai = ^i, for any i G I, 
so that tA = Idc- Therefore r is surjective, i.e. C = Uieiln^(Ci)- D 

Lemma 5.2. Let S : D ^ C be a monomorphism which is a coalgebra homomorphism in the 
monoidal category ^) of vector spaces over a field K. Assume that Dq — C. Then 

Corad(C) C Im{5). 

Proof. Denote by {L,p) the cokernel of 5 in = (OTa', 'X'k, Recall that 

for any n G N\{0}, where A" : C jg the n^^ iterated comultiplication of C. By Proposition 

II.IUI there are suitable morphisms (^^ : D^c' _D^c)jj-gpj such that ((D^c) -g^j^ (Ci )ij'GN) is a di- 
rect system in Ai and ((5„)„£n is a compatible family. Moreover recall that Dc = lim((-D^^ )ieN, (Ci)ieN) 
in Ai. By Lemma [5. II C = [J^^j^lm{di). Let Di := Im(5i+i) and note that 

A = {cgC7|p®*+1A*c(c)=0}. 

for any i > 0. Note that 

(35) lm{d) = DqC DiC-- - CC. 

By |Sw[ Theorem 9.1.6, page 191], C is a filtered coalgebra, with coalgebra filtration given by (|35f) 
so that, by jSwL Proposition 11.1.1, page 226], we have that Corad(C) C D^. □ 

Theorem 5.3. Let Ad = (271^-, 0^-, K) be the monoidal category of vector spaces over a field I'C , 
let E be a coalgebra in Ai and let M be a vector space. The following assertions are equivalent for 
a morphism g : E M in Ai: 
(i) giCoiad{E)) = 0. 

(m) There is a monomorphism S : D —> E which is a coalgebra homomorphism in A4 such that 
De = E and g5 — 0. 

Proof, (i) =4* (m) Choose D :— Corad(_E) and let 6 : D ^ E he the canonical inclusion. 

(m) (j) By Lemma [5.21 we have Corad(i?) C lm{6). □ 

Remark 5.4. By means of Theorem 12.151 and Theorem 15.31 in the particular case when A4 is 
the category {'OJIk, f^^K, K), of vector spaces over a field K, the universal property of our cotensor 
coalgebra is equivalent to Nichols's one. 
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5.5. A monoidal functor between two monoidal categories (M, ®, 1, a, I, r) and {A4' , 0, 1, a, Z, r) is 
a triple {F, 0o, ^2), where : 7VI — > A^' is a functor, (/)o : 1 — > F(l) is an isomorphism such that 
the diagrams 



1(E) F{U) 
F{1)^F{U) 



F{U) 



F{U) 
F{1 (8) U) 



F{U) ® 1 
F{U)®F{1) 



rF(u) 



F(C/) 
F([/(8>1) 



are commutative, and </>2(C^, V) : i^(?7) F{U (g) y) is a family of functorial isomorphisms 

such that the following diagram 

{F{U) ® F{V)) ® F{W) MU,V)^Fm ^^^^ ^^^^ MU^V,W) ^^^^ ^y^^^) 



0'F(U),F(V),F{W) 

F{U) (g> {F{V) (g> F{W)) 



F{U)(g)F{V (E>W) 



F{au,v,w) 

F{U (g){V (g)W)) 



is commutative. A monoidal functor {F, (j)o, ^2) is called strict if both (j)o and (/>2 are identities. 

The following Proposition states that the image of an (co)algebra through a monoidal functor 

carries a natural (co)algebra structure. 

Proposition 5.6. Let Ai and M.' he monoidal categories. Let {F,(j)o,(j)2), be a monoidal functor 
between the categories M. and M' . Then: 

1) If {A,m,u) is an algebra in M., then {F{A),mp^A)-,'U'F(A)) is an algebra in M', where 

mp^A) ■■= F{A) F{A) "^'-^^^ F{A O A) F{A) 

up^A) ■■= 1'^F{1)^Mf{A). 

Moreover F (/) : F (A) F (B) is an algebra hornornorphism in M.' whenever f : A —> B is an 
algebra hornornorphism in Ai. The converse also holds true if F is faithful. 

2) If{C,A,£) is a coalgebra in M, then {F{C),Ap(^c-^,ep(^c)) is a coalgebra inA4', where 



^F{C) 



F{C) FiC <S> C) '^^3''^ F{C) ® F{C) 



sp^c) ■■= F{C) ^ F(l) 



1'. 



Moreover F (/) : F (C) — > F (D) is a coalgebra homomorphism in A4' whenever f : C - 
coalgebra homomorphism in Ai. The converse also holds true if F is faithful. 

Proof, follows directly from the definitions. 

Let iiT be a field. From now on ^JIk will denote the category of vector spaces over K. 



D is a 



□ 



Theorem 5.7. Let {Ai,®,l) be a complete and cocomplete abelian monoidal category. Let K be 
a field and let 

{F, 00, h) ■■ {M, ®, 1) ^ {OJIk, ®k, K) 
be an additive monoidal functor. Assume that: 

{I) F is faithful. 

(2) F preserves kernels and cokernels. 

(3) F preserves denumerable products and coproducts. 

Let C and E he coalgehras in Ai. Let fc ■ E ^ C be a coalgebra homomorphism and let 
fM : E ^ M be a morphism of C-hicomodules, where E is a hicomodule via fc- Assume that 

F (/m) (Corad(F {E))) = 0. 
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Then there is a unique coalgehra homomorphism f : E —t T^{M) such that pof = fc and pif = 
/mj where Pn '■ T^{M) M'-'" denotes the canonical projection. 



T^{M) 
Po 

C 



Pi 



M 



Tm 



fc 



E 



Proof. In order to simplify the computations, we will omit the isomorphisms (j)o,4'2- 

For every object X ^ Ai, we will denote by X' the vector space F {X) . Also, for every morphism 

/ S , we will denote by /' the 7^-linear map F (/) . 

Recall that E' and D' carry the coalgebra structures described in Proposition 

Since F preserves denumerable coproducts and cokernels, it preserves denumerable direct limits 

and finite coproducts so that 



i^[(Tg(M),K)„eN)] - F 



linW(C"(M))„,j,,(a:^)_,j, 



= lim((F[C"(M)])„,^,(FKJ)„,„ 
= lim([(C'r(Af')]„,N'«W 



Therefore we get {T^{M))' — T^,{M'), that is the cotensor coalgebra in the category of vector 
spaces of the C"-bicomodule M' . 

Now, by Proposition 15.61 f'(j : E' ^ C is a coalgebra homomorphism and f'J^.^ : E' M' is a 
morphism of C'-bicomodules, where E' is a bicomodule via /^. By hypothesis, f'f^{CoYdA{E')) — 0. 

By Theorem 15.31 there is a coalgebra D in ^TIk and a monomorphism 5 : D ^ E' which is a 
coalgebra homomorphism in OTa' such that lim_D^B' — E' and f'j^^S = 0. 

By Theorem 12.151 there exists a unique coalgebra homomorphism g : E' ^ T^,{M') such that 
P'a9 



— f'(j and p'lg = f'f^.j^ where Pn '■ T^{M) M'-'" denotes the canonical projection: 

JM 



P'o 



C 



fc 



E' 



c 



We will prove that g = f for a suitable morphism f : E ^ Tq{AI) in A^. 
By construction (see ifT^ l: 

P'k9 = (/m)°'' A^T^ for any fc e N. 



Let 



be the canonical projection and let 

nGN TiGN 

be the diagonal morphism of the (pfc)j.gN • This is uniquely defined by 

(/fcOJ — pk, for every fc e N. 
Since F preserves kernels and denumerable (co) products, it is clear that 



/:Ta,(A/')-0(M')°"-n(^'^')' 
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is a monomorphism. Since F is faithful, we get that a; is a monomorphism too. 
Let 

be the diagonal morphism of the ( /B*^ o ^ J . This is uniquely defined by 

V / fcGN 

Qka = /™ o A^~\ for every keN. 

We have that 

r I 

uj g — a . 

In fact 

qWg = (gfc^)'5 = P'k9 = {f'Mf'^E^' = (/™ o A^-')' = iq,ay = q'.a' , 
for every fc G N. 

Let (Coker (w) , t) be the cokernel of u) in A^. We have 

(ra)' — t' a' = t' uj' g = (tuj)' g = 0. 

Since F is faithful, we get ra — 0. Since w is a monomorphism, it is clear that {T^{M), uj) — Ker(r). 
By the universal property of kernels, there exists a unique morphism f : E ^ Tq{M) in A4 such 
that 

ujf = a. 

We have 

u'f = {Lof)' = a' = u:'g. 

Since lo' is a monomorphism we get 

By Proposition 1^21 we have that / is a coalgebra homomorphism. 

It remains to prove that / is uniquely defined by the relations pof — fc and pif = fhi- Let h be 
another coalgebra homomorphism such that poh = fc and pih ^ /m- Then 

P'oh' = fc ^ Pq9 and p'^h' = f'j^j = p'^g. 

By uniqueness of 5, we get 

h' = g = f'. 

Since F is faithful we conclude that h = f. □ 

5.8. Let Hhe a Hopf algebra over a field K. Consider the following examples of monoidal categories. 

• The category ^fOJl = (//9Jt, (^^k, K), of all left modules over H. The tensor V (^W oi two left 
iJ-modules is an object in 9Jt via the diagonal action; the unit is K regarded as a left iJ-module 
via Eh- 

• The category h^h — (h^h^ (Sk, K), of all two-sided modules over H. The tensor V ^ W 
of two iJ-bimodules carries, on both sides, the diagonal action; the unit is K regarded as a H- 
bimodule via sh- 

• The category ^VJl — {^Tl, ®k, K), of all left comodules over H . The tensor product V ®W 
of two left _ff-comodules is an object in ^9Jt via the diagonal coaction; the unit is K regarded as 
a left iJ-comodule via the map k 1-^ 1h ® k. 

• The category ^Tl^ ~ {^dJl^ , K) of all two-sided comodules over H . The tensor V ®W 
of two iJ-bicomodules carries, on both sides, the diagonal coaction; the unit is K regarded as a 
iT-bicomodule via the maps k 1-^ 1h ® k and k i—>- k >S> Ih- 

• The category %yT> = {^yD, (^k, K) of left Yetter-Drinfeld modules over H . Recall that an 
object V in is a left i?-module and a left iJ-comodule satisfying, for any h G H,v ^ V, the 
compatibility condition: 

^{h{i)v)<-i>h(^2) 8) (/i(i)w)<o> = X! '*(i)^<-i> ® h(2)'v<o> 
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or, equivalently, 

p{hv) = /l(l)t^<-l>>5'(/l(3)) (8) /l(2)W<0>, 

where Ah (h) = ^ (gi /i(2) and piv) = Y^ i'<-i> ® f <o> denote the comultipHcation of H and 
the left iJ-comodule structure of V respectively (we used Sweedler notation) . 

The tensor product V(S)W oi two Yetter-Drinfcld modules is an object in ^y^^ '^ia the diagonal 
action and the codiagonal coaction; the unit in ^yT) is K regarded as a left i/-comodule via the 
map X 1-^ 1h X and as a left iJ-module via the counit Eh- 

Let Ai denote one of the categories above and let : TIk be the forgetful functor. Then 

Theorem 15.71 applies . 

5.9. Let {H, (p) be a quasi-Hopf algebra over a field K. Then the category of right i7-modules DJIh 
is a monoidal category. By 'Maj! Example 9.1.4, page 422], the forgetful functor Tin is 
monoidal if and only if H is twisted-equivalent to an ordinary Hopf algebra. Therefore theorem 15 .71 
does not apply in general to Anyway Theorem l2.15l still holds. In fact, since H is in particular 
an ordinary if-algebra, it is clear that 9Jl// is a cocomplete and complete abelian monoidal category 
satisfying AB5. 
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